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function [lambda,eigenvec]=slsolve(varargin)
V%This function solves the Sturm-Liouville eigenvalue problem given by:

[p(x) y'1'" - g(x) y + lambda w(x) y = @
subject to the boundary conditions:

bc(1) y(0) + bc(2) y'(0)

]

bc(3) y(1) + bc(4) y'(1) =0

over the domain 0< x <1.
The function is called by the command:
[lambda,eigenvec]l=slsolve('pfun’', 'qfun', ‘wfun',bc,n);

The function call requires that you provide the function names (or
handles if you are using the anonymous function utility) for the
functions p, g, and w. These functions must be able to handle an array
of values. You also provide the boundary coefficients in the array bc.
In addition, you may specify the degree of discretization n. Its default
value is 50. The matrices which are generated are of size (n+1,n+1).

The function returns the eigenvalues in the array lambda (sorted by size
in ascending order) and the matrix eigenvec which contains the
corresponding eigenfunctions. The eigenfunctions are all normalized by
their maximum value over the domain @<x<1.

A last note on error: The code uses second order derivative
approximations, so the error in the eigenvalues and eigenvectors will be
of 0(1/n”2). 1In general, the first few eigenvalues will be reliable, but
the accuracy will deteriorate as you look at the higher eigenvalues, with
the last few being meaningless.

o o° df o° o O P O° o° o I° d° A° AP F AP I AP A° O I° I° I I° P O° P O° O° of oF

p=varargin{1};
g=varargin{2};
w=varargin{3};
bc=varargin{4};

if nargin<5;n=50;else;n=varargin{5};end

h=1/n; %set discretization
x=[0:h:1]"'; %this is the array of x values

%Now we set up the arrays used in making the matrix A:
pp=zeros(1,n+l);
pm=zeros(1,n+l);

ww=zeros(1,n+1);

qq=zeros(1,n+1);

for i=2:n
pp(i)=feval(p,x(i)+h/2);
pm(i)=feval(p,x(i)-h/2);
ww(i)=feval(w,x(1i));
qq(i)=feval(q,x(i));

end

%The matrix W is easy:

weight=-diag(ww);
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'%The matrix A is a bit more complex. First we do
%the main diagonal:

a=diag(-pp-pm-qg*h~2);

%and then the super and sub diagonals:
a=a+diag(pp(1:n),1);

a=a+diag(pm(2:n+l1),-1);

%Finally, we divide by h"2:
a=a/h"2;

%And now for the boundary conditions. First at the left edge:
a(1,1)=bc(1)-bc(2)*1.5/h;

a(1,2)=bc(2)*2/h;

a(1,3)=-bc(2)/2/h;

%sand at the right edge:
a(n+1,n+1)=bc(3)+bc(4)x1.5/h;
a(n+1,n)=-bc(4)*2/h;
a(n+1,n-1)=bc(4)/2/h;

%Now we are ready to calculate the eigenvalues:
[v,d]=eig(a,weight);

%The number of eigenvalues and vectors will be less
%than the size of A and W, thus:

evals=diag(d);

i=find(isfinite(evals)); %The matlab 7 form of finite!
evals=evals(i);

evecs=v(:,1i);

%Now we sort the eigenvalues and eigenvectors according
%to the size of the eigenvalues:
[~,il=sort(abs(real{evals)));

lambda=evals(i);

evecs=evecs(:,1i);

%and finally, we normalize the eigenvectors by their

%maximum value.

eigenvec=zeros(size(evecs));

for j=1:length(lambda)
eigenvec(:,j)=evecs(:,j)/norm(evecs(:,j),inf)/sign(evecs(2,j));
end
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Sturm-Liouville Example Problem

We examine the numerical solution to the Sturm-Liouville problem of a slab of half-width 1 being quenched. Initially the temperature is
1 and at t = 0 the surface at x = 1 is lowered to zero. We use the symmetry condition at the centerline. Thus:

p = @(x) ones(size(x)):
q = @(x) zeros(size(x));
w = @(x) ones(size(x));

bec = [0,1,1,0];
n = 100; %The number of points we would like (the number of intervals)
[lambda, eigenvecs] = slsolve(p,q,w,bc,n);

% And that's it!

Comparison of Eigenvalues

i We have the exact eigenvalues ((n-1/2)*pi)*2. We can compare them graphically and numerically. We find that the first 11 eigenvalues
match to within 1%, but then the deviation gets larger. The highest eigenvalues are off by a factor of two or so. This is generically the
case: the eigenvalues (and eigenfunctions) are sensitive to the degree of discretization as each higher eigenfunction has one more
zero crossing, and you lose numerical accuracy! These higher eigenvalues would decay away very quickly, however.

figure(1l)

neigenvec=length(lambda);

exactlambda = (([l:neigenvec]'-.5)*pi)."2;
eratio = lambda./exactlambda;
plot([l:neigenvec],eratio, 'o-")
xlabel('n'")

ylabel('eigenvalue/exact eigenvalue')

grid on

first20ratios = eratio(1:20)

first20ratios

.0000
.9998
.9995
.9991
.9984
.9977
.9967
.9956
.9944
.9930
.9915

O O O O O O O O O O =



-
pi———

.9898 2 ﬁ}
.9879 g@,ﬂ
.9859 ey
.9837
.9814
.9789
.9763
.9735
.9706

O O O O O O O o o

eigenvalue/exact eigenvalue

First Five Eigenfunctions

We plot up the first five eigenfunctions. You will note that the eigenfunctions have a number of zero crossings that increase by one
each time.

x = [0:1/n:1]";

figure(2)

plot(x,eigenvecs(:,1:5))

xlabel('x")

ylabel('y'")

title('First Five Eigenfunctions')
legend('n=1','n=2",'n=3'",'n=4"','n=5")
grid on
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Calculation of the Coefficients

3 333>
|/ T TR TR
RN =

|

0.9 1

We make use of orthogonality to calculate the coefficients. We can use the trapezoidal rule to do the integration. Comparison with the
exact solution shows that the first coefficients are very good, but after awhile the values are a little random. These coefficients are

very small, however.

weights = ones(1l,n+l);
weights(l) = 0.5;
weights(n+l) = 0.5;
weights=weights/n;

tinit = ones(n+l,1); %The initial temperature
a = zeros(length(lambda),1l);

for i = l:length(lambda)
numerator = weights*(w(x).*tinit.*eigenvecs(:,i));
denominator = weights*(w(x).*eigenvecs(:,1)."2);
a(i) = numerator/denominator;

end

aexact = -2*(-1)."[l:neigenvec]'./([l:neigenvec]'-.5)/pi;

figure(3)
plot([l:neigenvec]',a,'o',[l:neigenvec]',aexact,'*")
xlabel('n")

ylabel('coefficient')

grid on
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Comparison of Decaying Solution

Here we calculate the temperature at the centerline as a function of time. We have both the exact solution as well as our numerical

j one. We plot this up for a dimensionless time of 4. The match is pretty much perfect except exactly at t = 0. This error occurs because
of the problems with all of the higher eigenvalues and eigenfunctions - which decay away almost instantly. This related to the classic
Gibbs ringing phenomenon, which is well known in signal processing. We avoid this by starting our time series at a value slightly
greater than zero.

t = [0.0005:.001:47];
cltemps = zeros(size(t));
cltempexact = zeros(size(t));

for i = l:length(t)
nrange = [1:1000]; %We use lots of eigenvalues for the exact expression

cltempexact(i) = sum(-2*(-1)."nrange./(nrange-.5)/pi.*exp(-t(i)*(nrange-.5)."2*pi"2));

%$And now for the numerical value:

cltemps(i) = sum(a.*exp(-lambda*t(i)).*eigenvecs(1l,:)');
end
figure(4)
plot(t,cltemps,t,cltempexact, '--")

xlabel('dimensionless time')

ylabel( 'centerline temperature')

legend( 'numerical solution','exact solution')
grid on

figure(5)

plot(t,cltemps,t,cltempexact, ' --")
xlabel('dimensionless time')

ylabel( 'centerline temperature')

legend( 'numerical solution', 'exact solution')
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Sturm-Liouville Example: Varying Heat Capacity and Conductivity

We examine the numerical solution to the Sturm-Liouville problem of a slab of width 1 undergoing a uniform heat flux at the bottom,
and a fixed temperature at the top. The conductivity k and the heat capacity are linear functions of position. The dimensionless Sturm-
Liouville problem for the decaying solution is:

((1+c2*x)*y")' + lambda*(1+c1*x)*y = 0

y(0)=0;y(1)=0

The asymptotic solution at long times is the logarithm:

Tinf = (1/c2)*log((1+c2)./(1+c2*x))

Thus, the initial value for the Sturm-Liouville expansion is just the negative of this function.

Solving the problem we get:

cl = 2;
ioe2 = -.7;

p @(x) (1 + c2*x);

q = @(x) zeros(size(x));
w 8(x) (1 + cl*x);

bec = [0,1,1,0];

n = 100; %The number of points we would like (the number of intervals)
[lambda, eigenvecs] = slsolve(p,q,w,bc,n);
Tinf = @(x) (l/c2)*log((l+c2)./(1+c2*x))

% And that's it!

Tinf =
function_handle with value:

@(x)(1l/c2)*log((1+c2) ./ (1+c2*x))

Eigenvalues, Eigenvectors, and Coefficients

We are interested in the lead eigenvalues, coefficients, and eigenvectors. We just look at the first five:

firsteigenvecs = lambda(1l:5)



% And we calculate the coefficients using the Trapezoidal Rule:

x = [0:1/n:1]";

% The Trapezoidal Rule weights:
weights = ones(1l,n+1l);
weights(1l) = 0.5;

weights(n+l) = 0.5;
weights=weights/n;

a = zeros(length(lambda),1);

for i = l:length(lambda)

numerator = -weights*(w(x).*Tinf(x).*eigenvecs(:,1));

denominator = weights*(w(x).*eigenvecs(:

a(i) = numerator/denominator;
end

firstcoefficients = a(l:5)

% And we plot the first five eigenfunctions:

figure(1l)

plot(x,eigenvecs(:,1:5))
xlabel('x")

ylabel('y"')

title('First Five Eigenfunctions')
legend('n = 1','n =2','n =3","
grid on

n=4",'n=

firsteigenvecs =

0.6849
6.5141
18.0404
35.2805
58.2210

firstcoefficients =

-1.3832
-0.1558
-0.0577
-0.0298
-0.0182

fi)."2);

5Y)
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Temperature of the Lower Wall

We wanted the temperature of the lower wall. This will be Tinf + Tdecaying evaluated at x = 0. So:

)

t = [0.0005:.001:57;
tbottom = zeros(size(t)); %We initialize the array

for i = l:length(t)
tbottom(i) = log(l+c2)/c2 + sum(a.*exp(-lambda*t(i)).*eigenvecs(1l,:)');
end

figure(2)

plot(t,tbottom)
xlabel('dimensionless time')
ylabel('bottom wall temperature')
grid on
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Temperature Profile at Various Times

We can also plot up the temperature distribution for specific times. You will note the issue near the origin at very short times. This is
) known as the Gibbs ringing phenomenon and is well known in signal processing.

tplot = [0.0002,.05,.1,.2,.4,.8,1.6,3.2]";

tprofile = zeros(length(x),length(tplot));
for j = l:length(tplot)
for i=l:length(x)
tprofile(i,j) = log((1+c2)/(1+c2*x(i)))/c2 + sum(a.*exp(-lambda*tplot(j)).*eigenvecs(i,:)"');
end
end
figure(3)
plot(x,tprofile,x,Tinf(x))
legend(num2str(tplot), 'asymptote')
xlabel('x")
ylabel( ' Temperature')
title('Temperature Distribution at Different Times')
grid on
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= Finite Difference Marching Solution: Temperature Dependent Conductivity

\ = Plot of Bottom Temperature

Finite Difference Marching Solution: Temperature Dependent Conductivity

In this script we demonstrate the simplest of the techniques for numerical solutions to non-linear parabolic PDEs: the finite difference
approach. We solve the example problem of a heated slab of width 1 with a temperature dependent conductivity. We use a simple
explicit forward difference in time and a second order finite difference in space. We take the conductivity to be k = k0*(1+c*(T-T0)).

c = 2;

% The analytic solution to the asymptotic temperature is just:
Tinf = @(x) ((l+2*c*(1l-x)).”.5-1)/c

% We discretize the domain in space:

n = 50;

dx = 1/n;

X = [0:dx:1]'; %Note: there are n+l elements

T = zeros(size(x)); %The initial condition

dt = .49/(c+1)/n"2; %$The time discretization we need to avoid instability for c>0

tkeep = [0:dt:2]; %The times we want to evaluate the bottom temperature at
Tbottomkeep = zeros(size(tkeep)); %We initialize that array

pt = [2:n]'; %These are the indices of the interior points.

for i = 2:length(tkeep)
right = (l+c*(T(pt+1)+T(pt))/2).*(T(pt+l)-T(pt))/dx;
left = (l+c*(T(pt)+T(pt-1))/2).*(T(pt)-T(pt-1))/dx;
dTdt = (right-left)/dx;
T(pt) = T(pt)+dTdt*dt;

% and the boundary conditions:
T(n+l) = 0;
T(1) = 4/3*T(2) -T(3)/3 + 2/3*dx/(1+c*(2*T(2)-T(3)));

Tbottomkeep(i) = T(1);

% We add a little graphics (comment out for speed!)
if i1/200==floor(i/200) % We plot up every 200th iteration
figure(l)
plot(x,T,x,Tinf(x))
xlabel('x")
ylabel('T'")
legend(['t = ',num2str(tkeep(i))], ' 'asymptote’)
title('Temperature Distribution for non-linear conductivity')
drawnow
end
end

Tinf =



@(x) ((1l+2*c*(1-x)).".5-1)/c

/'-"' -

function_handle with wvalue: Qﬁ
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Plot of Bottom Temperature

We can plot up the bottom temperature vs. time. We could have kept some of the intermediate temperature profiles as well, but not all
of them! Because of the Neumann condition we have to use a very small discretization in time: way too much data!

figure(2)

plot(tkeep, Thottomkeep)
xlabel('time')
ylabel (' Temperature at x = 0')
grid on
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Partial Differential Equation Toolbox

Solve partial differential equations using finite element analysis

\artial Differential Equation Toolbox™ provides functions for solving structural
mechanics, heat transfer, and general partial differential equations (PDEs)
using finite element analysis.

You can perform linear static analysis to compute deformation, stress, and
strain. For modeling structural dynamics and vibration, the toolbox provides a
direct time integration solver. You can analyze a component’s structural
characteristics by performing modal analysis to find natural frequencies and
mode shapes. You can model conduction-dominant heat transfer problems to
calculate temperature distributions, heat fluxes, and heat flow rates through
surfaces. You can also solve standard problems such as diffusion,
electrostatics, and magnetostatics, as well as custom PDEs.

Partial Differential Equation Toolbox lets you import 2D and 3D geometries
from STL or mesh data. You can automatically generate meshes with
triangular and tetrahedral elements. You can solve PDEs by using the finite
element method, and postprocess results to explore and analyze them.

Get Started
Learn the basics of Partial Differential Equation Toolbox

Geometry and Mesh
bfine a geometry and discretize it using a triangular or tetrahedral mesh

Structural Mechanics
Solve linear static, transient, modal analysis, and frequency response problems

Heat Transfer

Release Notes
f@ PDF Documentation

Solve conduction-dominant heat transfer problems with convection and radiation occurring at boundaries

Electromagnetics
Solve problems that model electric and magnetic fields

General PDEs

Solve general linear and nonlinear PDEs for stationary, time-dependent, and eigenvalue problems
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Heated Semi infinite slab: comparison of numerical solution to exact

In this case we use the shooting method to compare the numerical solution for this problem to the exact error function solution. We
use the function miss.m to get the degree to which we miss our boundary condition at infinity. Because the solution decreases
exponentially as exp(-0.5 eta*2) we just go out to a value of 10.

The miss program is:

function out = miss(x) % This function takes in a guess for the derivative of the temperature at % y = 0 for an impulsively heated semi-
infinite domain.

fdot = @(eta,f) [f(2), -0.5*eta*f(2)]; % The differential equation
fO = [1,x]; %The initial value
[etaout fout] = ode45(fdot,[0 10],f0);

out = fout(end,1);

X = -1; % Our initial guess

X
I

fzero( 'miss',x) % Our solution!

-0.5642

Plotting things up

We just cut and paste from the miss.m routine to get the profile:

fdot = @(eta,f) [£(2); -0.5*eta*f(2)]; %The differential equation
f0 = [1,x]; %The initial value

[etaout fout] = ode45(fdot,[0 10],£0);

fexact = 1 - erf(etaout/2); %The exact solution

figure(1l)

plot(etaout,fout(:,1), 'o',etaout, fexact)

legend( 'numerical solution', 'exact solution')
xlabel('eta')

ylabel('dimensionless temperature')
title('Comparison of Exact and Numerical Solutions')
axis([0 5 0 1])



% We can also plot up the deviation:
figure(2)
plot(etaout,fout(:,1)-fexact, ‘'o-")
xlabel('eta')

ylabel('deviation from exact solution')
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Conclusion

eta

The deviation between the numerical and exact solutions is less than 5e-5 for all eta. This could be further reduced if you set a tighter
tolerance for fzero (the root finder) or ode45 (the integrator), but it illustrates the ease of solving this sort of problem numerically.
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Temperature Distribution in a Finite Slab with Periodic Heating

In this script we plot up the temperature distribution in a finite thickness slab where we have oscillatory heating at the bottom and an
insulation condition at the top. We start by plotting the temperature distribution at a number of times:

i= (-1)".5; %just in case i was used as an index elsewhere!
beta = 4;

% We require t to be a column vector and y to be a row vector.

H
|

= @(t,y) imag(exp(i*t)*(cosh(i”.5*beta*y)-sinh(i”.5*beta)/cosh(i”.5*beta)*sinh(i”.5*beta*y)))

o+
|

= [0,pi/2,pi,3*%pi/2,2*pi]";

y [0:.01:1];

figure(1l)

plot(y,T(t,y))

grid on

xlabel('y")

ylabel('T'")

legend(num2str(t))

title([ 'Plot of Temperature Distribution for beta = ',num2str(beta),' at different times'])

function_handle with value:

@(t,y)imag(exp(i*t)*(cosh(i".5*beta*y)-sinh(i”.5*beta)/cosh(i”.5*beta)*sinh(i”.5*beta*y)))
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Plot of Upper Surface Amplitude as a Function of Beta

We can also plot up the amplitude of the temperature variation of the upper surface as a function of beta.

)

beta

[0:.01:10];

Tamp = abs(1.0./cosh(i”.5*beta));

figure(2)

plot(beta, Tamp)

xlabel('beta’)

ylabel('Upper Surface Amplitude')

title('Plot of Upper Surface Amplitude for Varying Womersley Numbers')
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Conclusion

As can be seen, for small values of the Womersley number the oscillations at the upper surface are the same as the lower: the whole
slab is at a uniform, time varying temperature. For large Womersley number, however, the amplitude of the oscillations at the upper
surface decreases exponentially.
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The Nusselt-Graetz Problem: Constant Heat Flux at the Wall

We solve the Sturm-Liouville problem for constant heat flux at the wall for laminar flow through a circular tube.
The eigenvalue problem for the decaying solution is

((x"y") + lambda*2*r*(1-r*2)*y = 0

y(0)=0,y(1)=0

The asymptotic solution at large z is:

Tinf = 2*z + 1.2 - 1.4/4 - 7/24

Thus, the initial value for the Sturm-Liouville expansion is just the negative of this function.

; Solving the problem we get:

p = @(x) x;

@(x) zeros(size(x));
@(x) 2*x.*(1l-x."2);
bec = [0,1,0,17;

£ 0
o

n = 100; %The number of points we would like (the number of intervals)
[lambda, eigenvecs] = slsolve(p,d,w,bc,n);
Tinf = @(z,r) 2*z + r."2 - r."4/4 - 7/24

% And that's it!

Tinf =
function_handle with value:

@(z,r)2*z+r."2-r."4/4-7/24

Eigenvalues, Eigenvectors, and Coefficients

We are interested in the lead eigenvalues, coefficients, and eigenvectors. We just look at the first five:



firsteigenvecs = lambda(1l:5)

% And we calculate the coefficients using the Trapezoidal Rule:

r = [0:1/n:1]1";

% The Trapezoidal Rule weights:
weights = ones(1l,n+1);
weights(1l) = 0.5;

weights(n+l) = 0.5;
weights=weights/n;

a = zeros(length(lambda),l);

for i = l:length(lambda)
numerator = -weights*(w(r).*Tinf(0,r).*eigenvecs(:,1));
denominator = weights*(w(r).*eigenvecs(:,i)."2);
a(i) = numerator/denominator;

end

firstcoefficients = a(1:5)

% And we plot the first five eigenfunctions:
figure(1l)

plot(r,eigenvecs(:,1:5))

xlabel('x")

ylabel('y")

title('First Five Eigenfunctions')

legend('n =1','n=2','n=3",'n=4"','n=5")
grid on

firsteigenvecs =

0.0000
12.8321
41.8881
86.9418

147.9090

firstcoefficients =

0.0000
0.4035
-0.1749
0.1049
-0.0728



First Five Eigenfunctions
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Temperature of the Cylinder Wall

We want the temperature at the outer radius, necessary for obtaining the heat transfer coefficient:

z = [0.0005:.001:1];
twall zeros(size(z)); %We initialize the array

for i l:1length(z)
twall(i) = Tinf(z(i),1) + sum(a.*exp(-lambda*z(i)).*eigenvecs(end,:)');

end

figure(2)

plot(z,twall)

xlabel('dimensionless axial position')
ylabel('cylinder wall temperature')
grid on
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Temperature Profile at Various Times

We can also plot up the temperature distribution for specific z locations. You will note the issue near the origin at very small z. This is
)known as the Gibbs ringing phenomenon and is well known in signal processing.

zplot = [0.0002,.05,.1,.2,.4,.8]";

tprofile = zeros(length(r),length(zplot));
for j = l:length(zplot)
for i=1l:length(r)
tprofile(i,j) = Tinf(zplot(j),r(i)) + sum(a.*exp(-lambda*zplot(j)).*eigenvecs(i,:)');
end
end
figure(3)
plot(r,tprofile)
legend(num2str(zplot))
xlabel('z")
ylabel('Temperature')
title('Temperature Distribution at Different Axial Positions')
grid on



Temperature Distribution at Different Axial Position
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Finally, we are interested in how the heat transfer coefficient varies with axial position. The dimensioniess value is just the inverse of

twall - Tb(z), where Tb(z) is just 2*z. So:

h = 1./(twall - 2%z);

figure(4)

plot(z,h,z,24/11*ones(size(z)), ' --"')
axis([0,1,0,4])

xlabel('z’)

ylabel('dimensionless heat transfer coefficient')
legend('transient solution', 'asymptotic solution')
grid on
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— —- asymptotic solution
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2.5

dimensionless heat transfer coefficient

0.5

Conclusion

The initial heat transfer coefficient is larger than the asymptotic value due to the small thickness of the developing boundary layer.
After a short distance, however, the asymptotic result is reached. The zero initial eigenvalue is the result of a zero derivative condition
at both r =0 and r = 1, however the coefficient for it is likewise zero, removed via the energy balance enforced on the asymptotic
solution.

Published with MATLAB® R2017a
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Nusselt-Graetz Entrance Region Problem

In this problem we look at the boundary layer solution for the Nusselt-Graetz problem for short tubes in the entrance region. We use
the constant wall heat flux boundary condition. The transformed ODE is:

f=1/3*eta* (f-eta*f)
f(0) = -1; f(inf) = 0

We want the temperature at the wall f(0), which is our unknown shooting parameter. We solve the differential equation in the function
miss4.m given below:

function out = miss4(x) % This function takes in a guess for the unknown wall temperature for the % constant heat flux entrance
length problem and returns the temperature % far away.

fdot = @(eta,f) [f(2); 1/3*eta*(f(1) - eta*f(2))];
fO = [x,-1];
[etaout fout] = ode23(fdot,[0,10],f0);

>out = fout(end, 1);

x = fzero( 'miss4’',1)

$ We can plot it up too:
fdot = @(eta,f) [£(2); 1/3*eta*(f(1l) - eta*f(2))]:;

£f0 = [x,-1];
[etaout fout] = ode23(fdot,[0,10],£f0);

figure(1l)

plot(etaout,fout(:,1))

xlabel('eta')

ylabel('dimensionless scaled temperature')

title('Plot of Dimensionless Scaled Temperature in Entrance Region')
axis([0 5 0 2])

grid on

1.5363

S



__ Plot of Dimensionless Scaled Temperature in Entrance Region : 6 7 )

-y [y
o] o]

Py
-y

dimensionless scaled temperature
o

Conclusion:

~ The boundary layer solution converges quite fast, so a limit of 10 is more than adequate. The dimensionless wall temperature is f(0) =
) 1.5363, a nicely O(1) result.
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Comparison of Local Nusselt Number Calculations

In this script (which must be run after the nusseltgraetz.m script) compares the asymptotic 48/11 solution, the Sturm-Liouville solution,
and the thermal boundary layer solution for the local Nusselt number for the constant wall heat flux problem. We convert z and h to
the conventional scalings Nu = hD/k and z* = z/(UD*2/alpha).

zstar = z/4;
Nu = 2*h;
NuBL = 2*gamma(2/3)/9"°(1/3)./zstar.”(1/3);

figure(l)

plot(zstar,Nu,zstar,48/1l*ones(size(zstar)),zstar,NuBL, '--k')
xlabel('z/(UD"2/alpha)")

ylabel('Nu (local)')

legend('Exact Solution', 'Asymptotic Solution', 'Boundary Layer Solution')
title('Comparison of Constant Wall Heat Flux Nusselt Numbers')

axis([0 .08 3 10])

grid on
10 Comparison of Constant Wall Heat Flux Nusselt Numbers
l i : : . -
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Conclusion

Examination of the graph indicates that the boundary layer solution is good up to a dimensionless value of about 0.01 while the
asymptotic solution is approached at a dimensionless value of 0.05.
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Fig. 5 Trace showing how the estimated hole transfer rate calculated
decreases with increasing Sb,Ss film thickness. Error bars represent the
error in kny as calculated from the error of the fitting parameters as
shown in Table 1.
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Properties of an Asymmetrical Flow Field-Flow Fractionation Channel

Having One Permeable Wall

Karl-Gustav Wahilund and J. Calvin Giddings
Anal. Chem. 1987, 59, 1332-1339
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Figure 1. Schematic lllustration of asymmetrical channel for flow
fleld-flow fractionation. Flow velocities at designated locations are
shown as (Vv )o, (V )ou and ugy where the first two are the longitudinal
fiow velocities at the inlet and outlet ends, respectively, and u, is the
crossflow velocity at the accumulation wall.
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Figure 10. Separation of cytochrome ¢, albumnin, and thyrogiobulin
In an asymmetrical system using opposing flow relaxation with z/ =
4.0 cm, relaxation/focusing time (preceding "start”) = 23 min (7(96%)
= 10 min), and cross flowrate = 3.1 mL/min. Flowrates during elution
are V,, = 1.69 mL/min and V. = 3.24 mL/min. Retention ratios were
e ro e e e s 5l b 0.20, 0.10, and 0.04, which gave diffusion coefficlents of 1.2 X 10,

posing flow relaxation. The focusing point was at z’ = 22.5 cm anc i .
the cross flowrate (V. + V,,) was 6.2 mL/min. 6.0 X 1077, and 2.3 X 107 cm?/s, respectively.
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